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Abstract 

This survey paper discusses some uniqueness questions for sym- 
plectic forms on compact manifolds without boundary. 

1 Introduction 

Let M be an oriented 2?T,-manifold. A symplectic form on M is a closed 2- 
form u e Vt^[M) whose top exterior power is a volume form. Fundamen- 
tal questions in symplectic topology are which deRham cohomology classes 
a G if^(M;]R) are represented by symplectic forms (the existence problem) 
and whether any two symplectic forms on M that represent the same coho- 
mology class are related by a suitable equivalence relation (the uniqueness 
problem). Necessary conditions for the existence of symplectic forms are the 
existence of an almost complex structure and, in the closed case, the existence 
of a cohomology class a G H'^{M; M) with a" > 0. Whether or not these con- 
ditions are also sufficient, when M is a closed manifold, is completely open 
in dimensions 2n > Q. In dimension four additional necessary conditions 
for existence arise from Seiberg-Witten theory. In the present survey pa- 
per the focus is mainly on the uniqueness problem. Section [2] gives precise 
formulations of some relevant questions. Section [3] discusses what is known 
about these question in some examples (without any claim of providing a 
complete picture), and Section H] discusses some conclusions and conjectures 
as well as the Donaldson geometric flow approach to the uniqueness problem 
for hyperkahler surfaces. 
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2 The space of symplectic forms 



2.1 (Equivalence relations). Let M be a manifold without boundary. Con- 
sider the following statements for two symplectic forms uq, uji on M. 

(a) uq and uji are connected by a path of cohomologous symplectic forms. 

(b) uq and Ui are connected by a path of symplectic forms. 

(c) Uq and Ui are connected by a path of nondegenerate 2-forms. 

(d) Uo and Ui have the same first Chern class in H'^{M; Z). 

(A) There exists a diffeomorphism </) of M such that uq = ip*u!i. 

(B) There exists a diffeomorphism if of M such that Uq and <y5*i^i ^-re con- 
nected by a path of symplectic forms. 

(C) There exists a diffeomorphism </? of M such that Uq and v^*^! are con- 
nected by a path of nondegenerate 2-forms. 

(D) There exists a diffeomorphism if of M such that ci{ujq) = ip*ci{uJi). 

These statements define equivalence relations. Two symplectic forms uo 
and Ui are called isotopic if they are related by (a) (i.e. a path of coho- 
mologous symplectic forms), they are called homotopic if they are related 
by (b) (i.e. a path of symplectic forms), they are called diffeomorphic if 
they are related by (A) (i.e. a diffeomorphism), and they are called deforma- 
tion equivalent if they are related by (B) (i.e. a diffeomorphism, followed 
by a path of symplectic forms). 

For closed manifolds these equivalence relations are related as follows 



In particular, by Moser isotopy, assertion (a) holds if and only if there exists 
a diffeomorphism if : M ^ M isotopic to the identity such that if*0Ji = coq. 
Thus (a) implies (A). For (A), (B), (C) it may also be interesting to restrict to 
diffeomorphisms that act as the identity on homology (see Karshon-Kessler- 
Pinsonnault [21]). For (A) this would mean that equivalent symplectic forms 
represent the same cohomology class and for (B) that they have the same 
first Chern class and the same Gromov-Witten invariants. 
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2.2 (Three questions). The uniqueness problem in symplectic topology 
is the problem of understanding these equivalence relations on the space of 
symplectic forms. Here are some questions that may serve as a guideline. 
Fix a deRham homology class 

a e H'^{M;R) 

and denote the space of symplectic forms on M representing the class a by 

Sa := {p G fi'(M) \p^^O,dp = 0, [p] = a} . 

This is an open set in the Frechet space of all closed 2-forms on M represent- 
ing the class a. The following three questions correspond to the equivalence 
relations (a), (A), (B). In all three questions assume that Sa is nonempty 
(respectively that M admits a symplectic form). 

Question 1. Is Sa connected? 

Question 2. Are any two symplectic forms in Sa diffeomorphic? 

Question 3. Are any two symplectic forms on M deformation equivalent? 

Section |3] discusses what is known about these questions in some examples. 
Section|4]includes a brief discussion of the Donaldson geometric flow approach 
to Question 1 in dimension four (see [T2]). 

2.3 (Almost complex structures). Denote the set of almost complex 
structures on M that are compatible with a nondegenerate 2-form p by 

J{M,p) := {j : TM TM \ = -1, p{-, J-) is a Riemannian metric} . 

This space is nonempty and contractible. In fact the space of nondegenerate 
2-forms on M is homotopy equivalent to the space of almost complex struc- 
tures on M. (The homotopy equivalence is a smooth map p Jp, depending 
on the choice of a background metric, which assigns to every nondegenerate 
2-form p an almost complex structure Jp G J'{M,p); see [T^l [3H]-) Thus 
every nondegenerate 2-form p on M determines a cohomology class 

ci(p) :=Ci(TM,J) Gi/2(M;Z), JeJiM,p), 

called the first Chern class of p. Consider the set 

Ca:={c,{p)\peSa}cH\M; Z). 
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If this set contains more than one element, the answer to Question 1 is 
negative. Moreover, define 

Csymp := {ci(p) I p is a symplectic form on M} = [JCq, 

a 

C := {ci(p) I p is a nondegenerate 2-form on M} . 
Further questions: What is the set C^? Is Csymp = CI Does the diffeomor- 



phism group act transitively on Cg 



J{M,c) := IJ e Aut(TM) 



•-symp 

-symp • 

2.4 (Homotopy classes of almost complex structures). Let M be a 

compact connected oriented smooth four-manifold without boundary. De- 
note by X the Euler characteristic and by a the signature of M. By a theorem 
of Wu an integral cohomology class c G H'^{M] Z) is the first Chern class of 
an almost complex structure on M , compatible with the orientation, if and 
only if it is an integral lift of the second Stiefel- Whitney class and 

c^ = 2x + 3a. (1) 

(The necessity of equation ([T]) is the Hirzebruch signature theorem.) Given 
such a class c, denote by 

J2 = -1, ci(TM, J) = c, 
J induces the given orientation 

the space of almost complex structures on M with first Chern class c and 
compatible with the orientation of M. If M is simply connected then J^{M, c) 
has precisely two connected components for every c G C In general, there is 
a bijection 

vro( J(M, c)) = ToT,{H'{M; Z)) x (z/2Z © j^^^^^^) (2) 

for every c G C. (This was pointed out to me a long time ago by Tom Mrowka, 
but I don't know a reference.) The first factor is the set 

Tor2(if^(M; Z)) := {a G H^{M; Z) | 2a = O} . 

It characterizes the isomorphism classes of spin'^ structures on TM with first 
Chern class c (see 12. 71 and Lawson-Michelsohn [281 Appendix D]). The second 
factor characterizes the set of homotopy classes of almost complex structures 
on M whose canonical spin'^ structures are isomorphic to a given spin'^ struc- 
ture with first Chern class c. (This can be proved with a standard Pontryagin 
manifold type construction as in Milnor [CT §7].) 
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2.5 (The existence problem). A natural question is under which con- 
ditions a given cohomology class a G i/^(M;M) can be represented by a 
symplectic form. This is the fundamental existence problem in symplectic 
topology. The obvious necessary conditions are the existence of an almost 
complex structure on M and, in the case of a closed manifold, the condition 
a*^ 7^ 0. In the open case a theorem of Gromov [T71 [TU] asserts that the exis- 
tence of an almost complex structure is also sufficient. In the closed case there 
are counterexamples in dimension four, based on Seiberg-Witten theory (see 
Taubes [50]). The simplest example is M = CP^t^CP^t^CP^ which does not 
admit a symplectic form because its Seiberg-Witten invariants vanish. In 
higher dimensions the existence problem is completely open. 

2.6 (Diffeomorphism groups). It is also interesting to investigate the 
topology of the space Sa of symplectic forms in a given cohomology class 
beyond the question of connectedness. This is closely related to the topo- 
logy of certain diffeomorphism groups. Let (M, w) be a compact symplectic 
manifold without boundary and denote a := [u] G i7^(M;M). Consider the 
diffeomorphism groups 

Diffo(M) ■= {(p e Diff(M) | (p is isotopic to the identity} , 
Diffo(M, uj) ■= e Difro(M) I ^*uj = uj} . 

Thus Diffo(M, w) denotes the group of symplectomorphisms of M that are 
smoothly isotopic to the identity. Care must be taken to distinguish it from 
the subgroup of all symplectomorphisms of M that are symplectically isotopic 
to the identity (i.e. the identity component of Diff (M, a;)). Denote by 

<Suj := {p ESa\p ~ uj} 

(a) 

the connected component of a; in iS^. (Here ~ denotes the equivalence re- 
lation (a) in 12.11 ) By Moser isotopy the group Diffo(M) acts transitively 
on iS(^. Hence the map Diffo(M) — )■ iS(^ : i— (p*uj induces a homeomorphism 

Diffo(M)/Difro(M,a;) ^5,. 

Thus the topology of S^j is closely related to the topology of the symplec- 
tomorphism group. For example, if there exists a symplectomorphism of 
(M, oj) that is smoothly, but not symplectically, isotopic to the identity then 
Diffo(M, cj) is not connected and hence has a nontrivial fundamental 
group (see Example 13.121) . 
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2.7 (Seiberg— Witten theory). Many results about symplectic structures 
in dimension four rely on Taubes-Seiberg- Witten theory. Here is some rele- 
vant background. Let M be a closed oriented smooth four-manifold. 

1. Denote the set of equivalence classes of spin*^ structures on M by Spin'^(M). 
The tensor product with complex line bundles defines a free and transitive 
action H'^{M] Z) x Spin^(M) ^ Spin^(M) : (e, T) ^ T^. Each T e Spin'=(M) 
has a first Chern class Ci(r) e H^{M; Z) and Cifle) = ci(r) + 2e. 

2. Every nondegenerate 2-form p G Q'^{M), compatible with the orientation, 
determines a canonical equivalence class of spin'^ structures Tp e Spin'^(M), 
associated to the p-compatible almost complex structures. It depends only 
on the homotopy class of p and has the first Chern class ci(Tp) = ci(p). 

3. Every nondegenerate 2-form p G Q'^{M), compatible with the orientation, 
determines a homological orientation of M, i.e. an orientation Op of the real 
vector space H^M; R) © H\M; R) © H^'+{M; R) (see Donaldson ^U\). 

4. If fe"*" = dimif^'"'"(M; R) = 1 then the positive cone 

JC:={ae H\M;R)\a^ > O} 

has two connected components. If p is a symplectic form, compatible with 
the orientation, let Kp G K, he the connected component containing [p]. 

5. The Seiberg-Witten invariants of M take the form of a map 

Spin"(M) ^ Z : r SW(M, o, T). 

This map depends on the choice of a homological orientation o of M (see 3). 
Changing the homological orientation reverses the sign of the invariant. 
When b'^ = 1 the Seiberg-Witten invariant also depends on the choice of 
a connected component k of /C (see 4). Changing the connected component 
is governed by the wall crossing formula of Li-Liu [29] . 

6. Let p be a symplectic form, compatible with the orientation, and a := [p]. 
When 6+ > 2, Taubes proved in [13 [50] that 

SW(M,o„r,) = l, (3) 

SW(M, Op, r,,e) 7^ =^ a-e>0, (4) 

SW(M, Op, Tp^e) ^ and a ■ e = =^ e = (5) 

for all e G H^{M;Z). In [51] Taubes proved that every cohomology class e 
with SW(M, Op, Fp^e) 7^ is Poincare dual to a p-symplectic submanifold 
of M. These results continue to hold when = 1, with SW(M, Op, Fp^e) 
replaced by SW(M, Op, Kp, Fp,e) (see [IHl [501 [SH [521 [53] ) . 
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An immediate corollary of Taubes' theorems is the uniqueness of the first 
Chern class for cohomologous symplectic forms in dimension four. 

Corollary A. Let M be a closed smooth four-manifold. Two cohomologous 

symplectic forms on M have equivalent spin^ structures and hence have the 
same first Chern class. 

Proof. Let p, p' be cohomologous symplectic forms on M and a := [p] = [p']. 
Choose the orientation such that > and choose e such that T pi = Fp e- 
Assume first that 6+ > 2. By ([3]), SW(M, Op/, Tp^e) = SW(M, Op/, Tp/) ='l 
and so SW(M, Op, Fp^e) 7^ 0. Hence a ■ e > by @. Interchanging the roles 
of p and p' gives a ■ e < 0, hence a ■ e = 0, and hence e = by (|5]). This shows 
that Fp/ = Fp e = Fp and Ci(p') = Ci(p) + 2e = Ci(p). The proof for fe"*" = 1 is 
verbatim the same. Include Kp, respectively gument of SW and 

use the fact that Kp = Kp/, because [p] = [p']. □ 

The next corollary is a special case of a result by ConoUy-Le-Ono [8]. It 
strengthens Corollary A in the simply connected case. 

Corollary B. Let M be a simply connected closed smooth four-manifold. 

(i) Two symplectic forms on M with the same first Chern class and inducing 
the same orientation on M are homotopic as nondegenerate 2-forms. 

(ii) Two cohomologous symplectic forms on M are homotopic as nondegen- 
erate 2-forms. 

Proof. (Following Conolly-Le-Ono [8].) Assume 6+ = 1. (The case 6+ > 2 
is easier.) Fix an orientation of M and an integral lift c G H'^{M] Z) of the 
second Stiefel- Whitney class with = 2x + 3cr. Let TZ'^ be the set of non- 
degenerate 2-forms on M with first Chern class c and compatible with the 
orientation. Then TZ'^ has precisely two connected components, by (|2]). Let 
p, p' G 71'^ be symplectic forms. Then Ci(p') = ci(p) = c and so Fp/ = Fp, since 
M is simply connected. By ([3]), SW(M, Op, Kp, Fp) = 1 = SW(M, Op>, Kp>, Fp/). 
The wall crossing formula in Li-Liu [29] asserts, in the simply connected case, 
that SW(M,o,K,F) - SW(M, 0, -k, F) = ±1 whenever ciiVf > 2x + 3a. 
Since SW(M, Op, Kp, Fp) — SW(M, Op, Kp/, Fp) is even, it follows that Kp/ = Kp. 
Hence SW(M, Op/, Kp, Fp) = 1 = SW(M, Op, Kp, Fp), and hence Opt = Op. 
In [ini Prop. 3.25] and [TTl Lemma 6.4] Donaldson proved that there is a 
free involution on 'Kq{TZ'^), which reverses the homological orientation. Hence 
any two symplectic forms in TZ'^ belong to the same connected component. 
This proves (i). Assertion (ii) follows from (i) and Corollary A. □ 
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3 Examples 



Example 3.1 (Open manifolds). Let M be a connected noncompact 
smooth manifold that admits an almost complex structure. Then the h- 
principle rules. Namely, a theorem of Gromov asserts that, for every deRham 
cohomology class a G H'^{M] M), the inclusion of the space Sa of all symplec- 
tic forms representing the class a into the space of all nondegenerate 2-forms 
is a homotopy equivalence. (See [17], [191 page 84], [TH Theorem 10.2.2], [38| 
Theorem 7.34].) This implies the existence statement in 12.51 and shows that 
the uniqueness problem reduces to topological obstruction theory. 

For Euclidean space M = M."^^ the answer to question 3 is positive and the 
answers to questions 1 and 2 are negative. Namely, there are two homotopy 
classes of symplectic forms on M^", one for each orientation, and in [T8] 
Gromov constructed a symplectic form uj on M^" (for n > 2) such that 
(M^", u) is not symplectomorphic to any open subset of (M^", uq) with the 
standard symplectic form (see also [5] and [Ml Example 13.8]). By contrast, 
if cj is a symplectic form on that agrees with the standard symplectic 
form uq at infinity, then (M^, u) is symplectomorphic to (M^, uq) by another 
theorem of Gromov (see [18] and [391 Theorem 9.4.2]). 

Example 3.2 (Closed two-manifolds). Let M be a closed orientable two- 
manifold. Then the space Sa is nonempty and convex for every nonzero 
cohomology class a G H'^{M;'R). Since M admits an orientation reversing 
diffeomorphism, questions 1, 2, and 3 have positive answers. 

In higher dimensions the uniqueness problem for symplectic forms on 
closed manifolds does not reduce to topological obstruction theory. There 
is often a dramatic difference between the space of nondegenerate two-forms 
and the space of symplectic forms, as the following examples show. 

Example 3.3 (A six- manifold) . This example is due to McDuff [32] (see 
also [391 Theorem 9.7.4]). Here the set Sa is disconnected. However, by an 
arbitrarily small perturbation of the cohomology class a the two known dis- 
tinct connected components of Sa merge to a single connected component. 
McDuff 's paper [32] also contains a variant of this construction in dimension 
eight. Consider the manifold M := x S"^ x S"^. Identify the 2-torus with the 
product of two circles. For 9 & and z & S"^ let ipz,e : 5*^ — )■ S"^ be the rota- 
tion about the axis through z by the angle 6. Consider the diffeomorphism 
i> : M M defined by 

V'(6'i, 6*2, 21, 22) := (6'i, 6*2,^1, 93^1,91(^2)), 9i,92eS^, zi,Z2eS'^. 
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It acts as the identity on cohomology. Let u G f2^(M) be the product 
symplectic form, where both S"^ factors have the same area, and denote 

a-=[uj] = [tl,*uj] e H^{M;R). 

McDuff 's theorem asserts that u and ip*u can be joined by a path of symplec- 
tic forms, but not by a path of cohomologous symplectic forms. The proof 
that u and ip*u are not isotopic cannot be based on the Gromov-Witten 
invariants because these are invariant under deformation of symplectic forms 
(equivalence relation (B) in 12.11) . McDuff 's proof does involve the moduli 
space of holomorphic spheres. The relevant evaluation maps represent the 
same homology class but are not homotopic; they have different Hopf invari- 
ants. The argument breaks down for symplectic forms where the factors 
have different areas, because in that case the relevant moduli spaces are no 
longer compact. 

Conclusion. For the six-manifold M = x S*^ x 5*^ question 1 has a 
negative answer and questions 2 and 3 are open problems. 

Example 3.4 (The projective plane). A theorem of Taubes [5T | [52 | [53] 

asserts that any two symplectic forms on M = CP^ with the same volume are 
diffeomorphic. The proof uses a theorem of Gromov [IB] which requires, as an 
additional hypothesis, the existence of a symplectically embedded two-sphere 
(see also [391 Theorem 9.4.1]). The existence of the required symplectic 
sphere follows from Taubes' "Seiherg-Witten equals Gromov" theorem [53] . 
Combining Taubes' theorem with Moser isotopy one finds that, for every 
cohomology class a G H'^{M] M) with ^ 0, there is a bijection 

Sa = Diff(M, a)/Diff(M,u;), 

where u is the Fubini-Study form representing the class a and 

Diff (M, a) := {cp G Diff (M) | ip*a = a} 

= {ipe Diff(M) \ip, = id: H,{CF^; Z) H,{CF^; Z)} . 

Another theorem of Gromov [18] asserts that Diff(M, cu) retracts onto the 
isometry group PU(3) of CP^ (see also [391 Theorem 9.5.3]). 

Conclusion. Questions 2 and 3 have positive answers. Moreover, Sa is 
connected if and only if every diffeomorphism o/CP^ that acts as the identity 
on homology is isotopic to the identity. 
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Example 3.5 (The product S"^ x S"^). The discussion of Example 13.41 car- 
ries over to M := S*^ x S*^ as follows. First, every class a G H'^{M; M) with 
7^ is represented by a symplectic form. Second, theorems of Gromov [18] 
and McDuff [33] assert that every symplectic form for which the homology 
classes A := [S^ x {pt}] and B := [{pt} x S*^] (with either orientation) are 
represented by symplectically embedded spheres is diffeomorphic to a stan- 
dard form (see [33 Theorem 9.4.7]). Third, Taubes' theorem [S3] establishes 
the existence of the required symplectic spheres. Fourth, a theorem of Gro- 
mov [18] asserts that the group of symplectomorphisms that preserve A, B 
retracts onto the isometry group S0(3) x S0(3) when A, B have the same area 
(see [5S1 Theorem 9.5.1]). Fifth, a theorem of Abreu and McDuff [HIS] asserts 
that the symplectomorphism group is connected when A, B have different 
areas. Thus Sa = Diff (M, a)/Diff (M, w) and Diff(M, w) has two connected 
components when {a, A) = {a,B), and is connected otherwise. 
Conclusion. Questions 2 and 3 have positive answers. Moreover, Sa is 
connected if and only if every diffeomorphism of S"^ x 5^ that acts as the 
identity on homology is isotopic to the identity. 

Example 3.6 (Ruled surfaces). Let M be an orientable smooth four- 
manifold that admits the structure of a fibration over a closed orientable 
surface S of positive genus with fibers diffeomorphic to the 2-sphere: 

^ M ^ E. 

Fix an orientation of M and an orientation of the fibers. Let F G H2{M ; Z) 
be the homology class of the fiber. Call a symplectic form a; on M compati- 
ble with the fibration if it restricts to a symplectic form on each fiber. Call 
it compatible with the orientations if its cohomology class a satisfies 

> 0, {a,F)>0. 

Here are some basic facts. 

1. By Seiberg-Witten theory [1^1 \5U\ a cohomology class a G i7^(M;R) is 
represented by a symplectic form if and only if 7^ and (a, F) 7^ 0. Any 
such cohomology class is uniquely determined by the numbers and (a, F). 

2. A theorem of McDuff [33] (see also [391 Theorem 9.4.1]) shows that every 
symplectic form on M that admits a symplectically embedded two-sphere in 
the homology class F or —F is diffeomorphic to one that is compatible with 
the fibration. The existence of the required symplectic sphere follows from 
Taubes-Seiberg-Witten theory [55] . 
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3. M admits an orientation preserving diffeomorphism that preserves the 
fibration and reverses the orientation of the fiber, and an orientation reversing 
diffeomorphisms that preserves the fibration and the orientation of the fiber. 
Thus every symplectic form on M is diffeomorphic to one that is compatible 
with the fibration and orientations. 

4. A theorem of Lalonde-McDuff [221 ESj asserts that any two symplectic 
forms ojq^uji on M that are compatible with the fibration and orientations 
can be joined by a path of symplectic forms. They also proved that the path 
can be chosen in the same cohomology class when [wq] = [wi]. Thus 

Wo ~ ~ and [ujq\ = [uji] (6) 

Here (a) and (b) denote the equivalence relations in 12.11 
Conclusion. On a ruled surface any two symplectic forms are deformation 
equivalent, and diffeomorphic if they represent the same cohomology class. 
In the latter case they are homotopic if and only if they are isotopic. 

Example 3.7 (The one point blow up of the projective plane). Let 

M := CP2#CP^ 

Let L G H2{M; Z) be the homology class of the line in CP^ and E E i^2(M; 
be the class of the exceptional divisor, both with their complex orientations. 
They have self- intersection numbers L ■ L = 1 and E ■ E = —1. Then M ad- 
mits an orientation reversing diffeomorphism that interchanges L and E, an 
orientation preserving diffeomorphism that preserves L and reverses E, and 
an orientation preserving diffeomorphism that reverses L and preserves E. 
By Taubes' theorem [STl [52| [53] L or — L, and E or —E, is represented by 
a symplectically embedded sphere for every symplectic form on M. Hence a 
class a G H'^{M] M) is represented by a symplectic form if and only if 

aVO, (a,L)^0, (a,E)^0. (7) 

By the theorems of McDuff [331 El] and Taubes [S3] any two symplectic forms 
representing the same cohomology class are diffeomorphic, as in Example 13.61 
Thus Sa = Diff(M, a)/Diff(M, w). By ([7]) every diffeomorphism preserving 
a acts as the identity on homology. Moreover, a theorem of Abreu and 
McDuff [H [2] asserts that Diff (M, to) is connected. 

Conclusion. Questions 2 and 3 have positive answers. Moreover, Sa is 
connected if and only if every diffeomorphism of M that acts as the identity 
on homology is smoothly isotopic to the identity. 
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Example 3.8 (The two point blow up of the projective plane). Con- 
sider the oriented four-manifold M := Cp2#CP^#CPl Let L e H2{M]Z) 
be the homology class of the line with self-intersection number L ■ L = 1 and 
Ei,E2 G H2{M; Z) be the homology classes of the exceptional divisors with 
self-intersection numbers Ei ■ Ei = —1. Then, by ([1]) with 2% -|- Sa = 7, 



C= \ c = PD(nL - niEi - n2E2) 



n, ni, 77-2 are odd, 
- nf- nl = 7 

The set S of all classes E G H2{M; Z) satisfying E ■ E = —1 is given by 

£ = {E = mL + rriiEi + m2-E'2 | — ml — m\ = —1}. 
A theorem of Li-Liu [30l [3T] asserts the following for every a G H'^{M; M). 

(I) ^symp 

(II) The diffeomorphism group acts transitively on Cgymp- 

(III) Sa ^ ^ if and only if > and (a, E) ^ for every E & S. 

(IV) 5, =^ #C, = 1. 

(V) Ifuo, uJi are symplectic forms on M , then there exists a diffeomorphism ip 
of M such that Uq and ip*UJi can he joined by a path of symplectic forms. 
Assuming Seiberg-Witten theory, assertion (VI) below is Lemma 3.11 in 
Karshon-Kessler-Pinsonnault j2T] and (Vll) is Theorem 1.1 in McDuff [35] . 

(VI) Two symplectic forms oooyOJi on M have the same first Chern class if 
and only if there exists a diffeomorphism ip of M , inducing the identity on 
homology, such that Uq and (p*Ui can be joined by a path of symplectic forms. 

(VII) Two symplectic forms Ci;o,Ci;i on M represent the same cohomology 
class if and only if there exists a diffeomorphism (f of M, inducing the identity 
on homology, such that (f*uJi = uq. 

In particular, questions 2 and 3 have positive answers. The proofs rely 
on the following observations. 

1. For every c G C there exist precisely three classes Ei,E2,E^ G S such 
that (c, Ef) = 1. The numbering can be chosen such that 

E^,-EI = E^2-EI = l, El-E^2 = ^- (8) 

Each class E^ is represented by an embedded sphere. For the standard first 
Chern class Cgtd = PD(3L — Ei — E2) G C these can be chosen as the classes 
= El, E^""" = E2, = L - El - E2. For general elements c G C 

this follows from the fact that, by the results of Wall [56l [571 EH |59], the 
diffeomorphism group acts transitively on C. (See Li-Liu [301 El] for details.) 
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2. By Taubes-Seiberg-Witten theory [SH [S3] the homology classes 
E^, E21 E^ are represented by symplectically embedded spheres for every sym- 
plectic form on M with first Chern class c. 

3. A cohomology class a G if^(M;]R) can be represented by a symplectic 
form u with first Chern class Ci{u) = c if and only if for every E e H2{M] Z) 

E-E = -l, {c,E) = l =^ {a,E)>0. (9) 

By 2. condition is necessary for the existence of u. The converse follows 
from the Nakai-Moishezon criterion. (See Demazure [9] and also McDuff- 
Polterovich |37] for a direct symplectic proof.) 

4. Let a G H'^{M; M) such that > 0. Close examination shows that there 
exists a cohomology class c E C such that condition (|9]) holds if and only if 
(a, E)^0 for all E e£. (See Li-Liu [301 EI] for details.) 

Assertions (I), (II), (III) follow from 1.-4. and (IV) follows from Corollary A. 



23L-9E-21F 




Figure 1: The symplectic chamber structure on CP^#2CP . 
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5. To understand (IV) geometrically, it is convenient to slightly change the 
point of view. Fix a cohomology class c G C and define 

£^ ■= {E e H2{M; Z)\E-E=-1, {c,E) = l}, 

K.^ := {a G H'^iM; M) | > 0, (a, > G S""} , (10) 
5^ := [[p] G H'^{M;R)\pe n\M), rfp = 0, p A p > 0, Ci(p) = c} . 

Then S'^ = /C^ (see 3. above). These cones define a chamber structure on 
H'^{M;'R). (See Figured where the standard basis of H2{M;Z) is denoted 
by L, E, F and the symplectic cohomology classes satisfy the normalization 
conditions {a,L) = 1, {a,E) > 0, {a,F) > 0.) The chamber structure is 
determined by straight lines connecting pairs of rational points on the unit 
circle. In this notation (IV) asserts that the chambers are disjoint. 

6. Here is a sketch of a proof of (V) and (VI), which was worked out in a 
discussion with Yael Karshon. Construct a model for the symplectic blowup 
M = CP^#2CP^ as follows. Choose distinct points puP2 G CP^ \ CP^ and 
disjoint neighborhoods Ui,U2 C CP^ \ CP^ of pi,P2, respectively, equipped 
with holomorphic coordinate charts 

ifi-. ^ f/„ 

defined on the e ball in = C^, centered at the origin. Then use the 
standard complex blowup construction at pi and p2 to define M as a complex 
manifold. There is a holomorphic projection 

TT : M ^ CP2 

with singular values pi,P2- Their preimages := vr~^(pi) and 5*2 := vr~^(p2) 
are the exceptional divisors that, with their complex orientations, represent 
the classes Ei,E2. The projection tt is a holomorphic diffeomorphism from 
M \ {Si U 5*2) to CP^ \ {^1,^2} and the holomorphic sphere S := 7r~^(CP^) 
represents the class L. 

To define a symplectic form on M, let wps denote the Fubini-Study form 
on CP^ such that CP^ has area vr. Choose an exact perturbation uq of wps 
such that f*UQ is standard on 5^ for z = 1, 2. (Warning: Uq cannot be equal 
to ups-) Now use the construction in [381 Lemma 7.15] to obtain a symplectic 
form po on M such that po = vr*ci;o on M \ ir~^{Ui U U2) and the exceptional 
spheres 5*1, 5*2 are symplectic submanifolds of small areas. 
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Let u be any symplectic form on M with first Chern class c := Ci{u) and 
choose E^, E2, as in part 1 above such that ([HD holds. Denote 

:= El + El + El \ := (M, i^D, ^ = 1, 2, 3, 

and assume {[uj\,L'^) = n. By Taubes-Seiberg-Witten theory [53], the 
classes E^, E2, are represented by pairwise disjoint symplectically embed- 
ded spheres Ci,C2,C. Hence there exist disjoint Weinstein neighborhoods 
Ni,N2 C M\C of Ci, C2 in which the symplectic form is standard (see [2H1 
Theorem 3.30]). The symplectic blowdown construction replaces Ci,C2 by 
closed four-balls of radii ri,r2 with nrf = Aj. This results in a symplectic 
manifold {M,u), equipped with symplectic embeddings tpi : M of 

closed four-balls with images TV, := i/ji{B^,j^g), and a symplectomorphism 

TT : {M\{NiU N2),uj) -> (M\ (iVi U iVz), w). 

Thus C descends to a symplectically embedded sphere C := vf(C) C M, dis- 
joint from A^i U N2, with area vr and self-intersection number C ■ C = 1. The 
homology class of C generates H2{M] Z). Hence a theorem of Gromov [18] 
and McDuff [33] (see also [391 Theorem 9.4.1]) asserts that there exists a 
symplectomorphism g : (M, C*,a)) — > (CP^, CP^, wq). Consider the embed- 
dings tpi := g o 'ipi : B^,_^_^ — >■ CP^. Composing with a suitable Hamiltonian 
isotopy we may assume without loss of generality that ipi{0) = Pi and that ipi 
agrees with (pi near the origin. Thus g{Ni) = i/'i(-B^+<5) a neighborhood of 
Pi and the complement of their union is symplectomorphic to a subset of M 
under n'^. The formula in the proof of [35| Lemma 7.15] gives rise to a diffeo- 
morphism f : M ^ M such that /(Q) = S, = TT"\p,), f{Ni) = TT~\g{Ni)) 
and f\M\{NiUN2) = TT"^ o g oTi. The diffeomorphism / satisfies 

f^L" = L, f^El = El, f^E2 = E2. 

The symplectic form p := {f~^)*uj agrees with po on M\Tx"^{g{Ni) Ug{N2)). 
It can be joined to po by a path of symplectic forms via a scaling argument. 
If ci{u) = Cstd one can choose E![ = Ei and then / induces the identity on 
homology. This proves (V) and (VI). 

7. The proof of (VII) hinges on the fact that ([6]) holds for the two point 
blowup of CP^ and symplectic forms with the standard first Chern class (i.e. 
two cohomologous symplectic forms with first Chern class Cstd are homotopic 
if and only if they are isotopic). This was proved by McDuff in [3H 135] . 
Thus (VII) follows from (VI) and Corollary A. 
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Example 3.9 (Del Pezzo surfaces). The discussion in Example 13.81 carries 
over almost verbatim to all del Pezzo surfaces 



M := CP2#A;CP 



l<k< 



1. The characterization of the symplectic cone S'^ 
unchanged and the number of exceptional classes is 



KJ^ in flTUl) remains 



i^{EeH2{M- Z) 



E-E ■ 
{c,E) 



f 1' 


if k 


= 1, 


3, 


if k 


= 2, 


6, 


if k 


= 3, 


10, 


if 


= 4, 


16, 


if A; 


= 5, 


27, 


if A; 


= 6, 


56, 


if A; 


= r. 


. 240, 


if k 


= 8. 



(For k = 6 these are the 27 lines on a cubic in CP^.) Thus condition 
is still necessary and sufficient for the existence of a symplectic form that 
represents the class a and has first Chern class c. That the condition is 
necessary follows again from Taubes-Seiberg-Witten theory [53]. That the 
condition is also sufficient for the standard class 



Cstd 



PD(3L-Ei 



is a classical result in Kahler geometry. That the condition is sufficient in 
general, was proved by Li-Liu [301 |3T], by reducing the assertion to the 
standard chamber via the results of Wall [561 EH 158] . 

2. Assertion ([6]) continues to hold for all blowups of CP^, i.e. two coho- 
mologous symplectic forms are homotopic if and only if they are isotopic. 
This was first proved by McDuff [3ll [35] for k < 2, then by Biran [1] for 
3 < A; < 6, then by McDuff [3S] for all k. The proofs (for A; > 3) are based 
on the inflation techniques of Lalonde-McDuff [21123 ESI ES] • 

3. With this understood it follows by the same arguments as in Example 13. 8 [ 
parts 6 and 7, that assertions (V), (VI), (VII) continue to hold for all del 
Pezzo surfaces. (See Li-Liu [301 EI] and Karshon-Kessler-Pinsonnault [2T].) 
Conclusion. Assertions (I)-(VII) in \3.8\ remain valid for all del Pezzo sur- 
faces. Thus questions 2 and 3 have positive answers and Csymp = C. Two 
cohomologous symplectic forms are homotopic if and only if they are isotopic. 
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Example 3.10 (Higher blowups of the projective plane). Consider the 
closed oriented smooth four-manifolds M := CP^#A;CP , A; > 9. 

1. When /c > 9 it is still true that a class a G if^(M;M) is represented 
by a symplectic form with first Chern class c = Cgtd if and only if > 
and holds. Thus, in the notation of (ITU]) , the symplectic cone is given 
by iS'^"*'* = /C'^=*'^. For k > 9 this no longer follows from Kahler geometry. 
It is an existence theorem in symplectic topology by Li-Liu [31]. An earlier 
theorem by Biran [5] asserts that /C^^*'' C 5'^=*'^ C /C The proofs are based 
on Taubes-Seiberg-Witten theory and the inflation techniques developed by 
Lalonde and McDuff [211 [23 [2H1 ESI ES] • The Nagata conjecture asserts that 
the Kahler cone for the standard complex structure should agree with the 
symplectic cone. (See Biran [7] for a symplectic approach to this question.) 

2. Consider the elliptic surface M := E{1) := CP^#9CPl This manifold 
admits the structure of a holomorphic Lefschetz flbration over CP^ with 
elliptic curves as regular flbers and twelve singular flbers. (Choose two cubics 
in general position and blow up their nine points of intersection.) In the 
standard basis L, Ei, . . . , Eg of H2{M; Z) the homology class of the flber is 

F ■=3L-Ei-E2 Eg. Its Poincare dual Cstd = PD(F) = ci(TM, J^ta) 

is the flrst Chern class of the standard complex structure. 

3. For k > 9 the diffeomorphism group no longer acts transitively on C, 
however, it acts transitively on Cgymp ^ C. For k = 9 the theory of Wall [58] 
is still applicable and shows that, for every c G C, there is a unique odd 
integer m > 1 such that c is diffeomorphic to mcgtd- By Taubes' results, c is 
the flrst Chern class of a symplectic form if and only if m = 1. For A; > 9, 
Li-Liu proved in [311 Theorem 1] that 

Csymp = {ceC\3^e Diff(M) S.t. = Cstd}. (11) 

In [30l Theorem D] they showed that any two symplectic forms with the stan- 
dard flrst Chern class are deformation equivalent. Assuming flTT]) . the proof 
of (V)-(VII) for all k follows the same line of argument as in Example 13. 8^ 
parts 6 and 7, in the case k = 2. (See Karshon-Kessler-Pinsonnault |21j.) 

4. There is a chamber structure on if^(M;]R) as in Examples 13.81 and 13.91 
However, the set S'^ is now inflnite for each c G Cgymp- For more details see 
Biran [3 El Ej and Li-Liu [SHI EI]- 

Conclusion. Assertions (II)-(VII) in \3.S\ remain valid for k > 9. Thus 
questions 2 and 3 have positive answers. However, Cgymp Q C. Two coho- 
mologous symplectic forms are homotopic if and only if they are isotopic. 
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Example 3.11 (Deformation equivalence). 

1. This example is due to Smitli [17] . Consider tlie four- manifolds 

X := E{h) := E(l)#Tr2E(l)#T2E(l)#T2^(l)#T2^(l), Y := Z5#5CP', 

where Z5 C CP^ is a degree five hypersurface. Then X admits the structure 
of a Lefschetz fibration with generic fiber F a torus and 60 singular fibers. 
Both manifolds are simply connected, not spin, and have the Betti numbers 

6+ = 9, b- = 49, a = -40, x = 60. 

Hence they are homeomorphic and hence X xX and Y xY are diffeomorphic. 
However, the first Chern class of X with its standard Kahler structure is 
divisible by three (it is — 3PD(F)), while the first Chern class of Y is primi- 
tive. These divisibility properties carry over to the product. Hence there exist 
symplectic forms Ux G ^1^{X x X) and Uy & Q^{Y x Y) on diffeomorphic 
manifolds such that 

ci(wx) 7^ (P*ci{ujy) 

for every diffeomorphism ip: XxX^YxY. This gives rise to two 
symplectic forms on the same manifold that are not even related by the 
weakest equivalence relation (D) in 12.11 Hence they are not deformation 
equivalent. 

2. In |17l HE] Smith constructed a simply connected four- manifold X that 
admits two symplectic forms uq, ui such that ci(ci;o) is divisible by three and 
Ci(co'i) is primitive. His four-manifold is obtained by forming a fiber connected 
sum of with five copies of E{1). As in 1. above the first Chern classes of 
c^o and Ui are not diffeomorphic, and hence Uq and Ui are not deformation 
equivalent. In fact, for each integer N he constructed a simply connected 
four-manifold X^ with at least different deformation equivalence classes 
of symplectic forms, distinguished by the divisibility properties of their first 
Chern classes. Taking the product Xn x T^", one obtains a (4-|-2n)-manifold 
with N pairwise deformation inequivalent symplectic forms. 

3. An earlier example of a symplectic four-manifold with two deformation 
inequivalent symplectic forms was constructed by McMullen-Taubes |in|. In 
their example the symplectic forms are distinguished by their Seiberg-Witten 
invariants (see also [55] )• In [M| Vidussi constructed homotopy K3's with 
arbitrarily many deformation inequivalent symplectic forms. 

4. In all these examples it is not clear whether two deformation inequivalent 
symplectic forms can be found in the same cohomology class. 
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Example 3.12 (Dehn— Seidel twists). In his PliD thesis Seidel constructed 
symplectomorphisms on many symplectic four- manifolds (M, u) that are 
smoothly, but not symplectically, isotopic to the identity. He proved the 
following two theorems (see [H] and |l6l Cor 2.9 & Thm 0.5]). 

Theorem A. Let M be a closed symplectic four-manifold with Betti numbers 

hi := dim H\M; M) = 0, 62 := dim H^{M; M) > 3. 

Assume M is minimal (i.e. it does not contain a symplectically embedded 
two-sphere with self-intersection number minus one). 
If A G M is a Lagrangian sphere, then the square 

y9 = Ta O Ta 

of the Dehn-Seidel twist determined by A is smoothly, but not symplectically, 
isotopic to the identity. 

Theorem B. Let M be an algebraic surface and a complete intersection, not 
diffeomorphic to CP^ or CP^ x CP^. Then there is a symplectomorphism 
If : M ^ M that is smoothly, but not symplectically, isotopic to the identity. 

Here are some remarks. For a much more detailed and wide ranging discus- 
sion of examples and ramifications of these theorems see Seidel . 

1. The assumptions of Theorem A allow for examples of symplectic four- 
manifolds that do not admit Kahler structures (see for example Gompf- 
Mrowka [TB] and Fintushel-Stern [IS]). The assumptions of Theorem B 
allow for examples that are not minimal, such as the six-fold blowup of the 
projective plane (cubics in CP^). 

2. The symplectomorphism if = T^in Theorem A is smoothly isotopic to the 
identity by an isotopy localized near A. Seidel computed the Floer cohomol- 
ogy group HF*(rA) with its module structure over the quantum cohomology 
ring, via his exact sequence [HI |15]. As a result he was able to show that, 
under the assumptions of minimality and &2 > 3, the Floer cohomology group 
HF*(rA) is not isomorphic to the Floer homology group 

HF,(rA) = HF*(r^i). 

Hence t\ and t^^ are not Hamiltonian isotopic. When 61 = it then follows 
that they are not symplectically isotopic. 
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3. The assumption 62 ^ 3 cannot be removed in Theorem A. An example is 
M = CP^ X CP^ with its monotone symplectic structures and with A equal 
to the anti-diagonal. In this example ip = is symplectically isotopic to the 
identity, by Gromov's theorem in [18] (see Example I3.5p . 

4. The assumption of minimality cannot be removed in Theorem A. Exam- 
ples are the blowups CP^^/cCP with 2 < /c < 4. On these manifolds there 
exist symplectic forms (monotone in the cases k = 3,4) and Lagrangian 
spheres such that the squares of the Dehn-Seidel twists are symplectically 
isotopic to the identity (see [IHl Examples 1.10 and 1.12]). In contrast, for 
5 < k < 8, the square of a Dehn-Seidel twist in the /c-fold blowup of the 
projective plane with its monotone symplectic form is never symplectically 
isotopic to the identity (see |l6l Example 2.10]). 

5. Seidel showed that, by an arbitrarily small perturbation of the cohomology 
class of u, the square of the Dehn-Seidel twist deforms to a symplectomor- 
phism that is symplectically isotopic to the identity. 

6. If (M, u) is a symplectic four-manifold satisfying the assumptions of 
Theorem A or Theorem B then the space 5^ of all symplectic forms p on 
M that are isotopic to u is not simply connected (see 12. 6p . However, the 
nontrivial loops in S^^ that arise from Dehn-Seidel twists are contractible in 
the space of nondegenerate 2-forms. 

7. In [23] Kronheimer used Seiberg-Witten theory to prove the existence 
of symplectic four-manifolds (M, u) such that is not simply connected. 
In fact, he developed a method for constructing, for each integer n > 1, 
symplectic four-manifolds (M, tu) such that n2n-i{Suj) 7^ 0. 

Example 3.13 (The K3-surface). As a smooth manifold the K3-surface 
can be constructed as the fiber connected sum 

K3 := E{2) = E{l)#j2E{l). 

On the K3-surface with its standard orientation, every cohomology class 
a G H'^{K3]W) with > is represented by a symplectic form (with an 
associated hyperkahler structure). By Taubes' results [IHl |50], every sym- 
plectic form on the K3-surface with the standard orientation has first Chern 
class zero (see 12. 7p . Hence it follows from Corollary B in Section [2] that 
any two symplectic forms on the KS-surface, compatible with the standard 
orientation, are homotopic as nondegenerate 2-forms. 
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Example 3.14 (The four-torus). Every cohomology class a E if^(T^;R) 
with 7^ is represented by a symplectic form and, by Taubes' result in 
every symplectic form on has first Chern class zero (see \2.7\i . There are 
infinitely many homotopy classes of nondegenerate 2-forms with first Chern 
class zero and compatible with a fixed orientation. The set of such homotopy 
classes is in bijective correspondence to the set Z/2Z x H^[T^] Z) (see I2.4p . 
The ConoUy-Le-Ono argument in [S] removes only half of these classes as 
candidates for containing a symplectic form (see Corollary B in Section [2]). 
It remains an open question whether any two symplectic forms on T^, that 
induce the same orientation, are homotopic as nondegenerate 2-forms. 

Example 3.15 (The one point blowup of the four-torus). A recent 
theorem by Latschev-McDuff-Schlenk [27] asserts that a closed four-ball ad- 
mits a symplectic embedding into the four-torus with any constant coefficient 
symplectic form if and only if the volume of the four-ball is smaller than the 
volume of the four-torus. This settles the existence problem for the one point 
blowup of the four-torus 

M := T^#CP^ 

Namely, let E G H2{M] Z) be the homology class of the exceptional divisor. 
Then a cohomology class a G H'^{M; M) can be represented by a symplectic 
form if and only if 

Thus the symplectic cone of M is strictly bigger than the Kahler cone. The 
uniqueness problem for symplectic forms on M is still far from understood. 

Example 3.16 (Kahler surfaces of general type). Let {M,u,J) be a 
minimal Kahler surface of general type with first Chern class c := ci{uj) such 
that 

6+ > 2, > 0, c ■ [cu] < 0. 

Then ±c are the only Seiberg-Witten basic classes. Hence, by Taubes' results 
in [l9], every symplectic form p on M satisfies 

Clip) ■ [p] < 0, ci(p) = ±c. 

Thus any two symplectic forms, compatible with the orientation, have the 
same first Chern class up to sign. It is an open question whether every 
cohomology class a with > and a-c < can be represented by a symplectic 
form with first Chern class c (as conjectured by Tianjun Li). 
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4 Discussion 



Here are some of the conclusions that can be drawn from the examples in 
Section [3] about the equivalence relations in 12.11 

1. Many symplectic manifolds (with nonzero first Chern classes) admit anti- 
symplectic involutions. Thus two symplectic forms related by (A) in 12.11 (a 
diffeomorphism) need not be related by (d) (same first Chern class). 

2. Example 13.31 shows that two cohomologous and diffeomorphic symplectic 
forms on a closed manifold M that can be joined by a path of symplectic 
forms need not be isotopic. Thus 

r 1 r 1 (A) (b) (a) 

However, for ruled surfaces and all blowups of the projective plane it is known 
that [wo] = [wi] and (b) imply (a) (see Examples I3.4ti3.10|) . 

3. It is an open question whether two symplectic forms on a closed manifold 
that can be joined by a path of nondegenerate 2-forms can always be joined 
by a path of symplectic forms. In other words, it is an open question whether 
the equivalence relations (b) and (c) agree. For open manifolds they agree. 

4. For all closed simply connected smooth four-manifolds with nonzero Euler 
characteristic, the equivalence relation (c) (homotopic as nondegenerate 2- 
forms) agrees with (d) (same first Chern class), by Corollary B in Section |2j 

5. For all blowups of CP^ the relations (c) and (d) agree with a stronger 
form of (B) (a diffeomorphism acting as the identity on homology, followed 
by a path of symplectic forms) ; see I3.8tl3.10l The symplectic forms on these 
manifolds have only one equivalence class with respect to (B), (C), (D). 

6. In dimensions 2n > Q it is an open question whether two cohomologous 
symplectic forms on a closed manifold always have the same first Chern class. 
For closed oriented smooth four-manifolds it follows from Seiberg-Witten 
theory that [wq] = [ui] implies Ci{uo) = Ci^Ui) (Corollary A in Section [2]). 

7. It is an entirely different question whether any two symplectic forms, com- 
patible with the orientation, have diffeomorphic first Chern classes up to sign. 
Examples with positive answers include all symplectic four-manifolds with 

= 1 (see Li-Liu [31]) and Examples 13. 13113. 161 For negative answers in 
dimension four and higher see Example 13. Ill 

8. Example 13.111 part 2, shows that in any dimension 2n > 4 there exist 
closed manifolds with pairs of symplectic forms whose first Chern classes are 
not diffeomorphic (even up to sign); hence they are not related by (D). 
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9. It is an open question whether there is any closed four-manifold M and 
any cohomology class a G H'^{M; M) such that Sa is nonempty and connected. 

10. It is an open question whether there is any closed four-manifold M and 
any cohomology class a G if^(M;M) such that Sa is disconnected. 

Conjectures 

Conjecture 4.1 (Donaldson's four-six conjecture). Let a be a sym- 
plectic form on the 2-sphere. Let {X,u}x) and (y, cuy) he closed symplectic 
four-manifolds. Then X and Y are diffeomorphic if and only if the symplec- 
tic six-manifolds {X x S'^,Ux x cr) and [Y x S'^,Uy x a) are deformation 
equivalent, i. e. there exists a diffeomorphism ip : X x S"^ ^ Y x S"^ such that 
Ux X a and (f*{u}Y x a) can be joined by a path of symplectic forms on X x S^. 

The examples of Smith [17] in 13. Ill show that the 2-sphere in Conjecture 14.11 
cannot be replaced by the 2-torus. The conjecture is nontrivial in either 
direction. When X and Y are not diffeomorphic but X x and Y x S"^ 
are diffeomorphic, the conjecture suggests that the two symplectic structures 
on these six-manifolds should still remember the differences in the smooth 
structures on X and Y. At the time of writing the only known methods 
for distinguishing smooth structures on four- manifolds are the Donaldson 
invariants and the Seiberg-Witten invariants. By Taubes-Seiberg-Witten 
theory [511 [521 [53] the Seiberg-Witten invariants can also be interpreted as 
symplectic invariants, and it is conceivable that they give rise to a method 
for distinguishing the symplectic structures on the products with the two- 
sphere. An example where X and Y are not diffeomorphic, XxS^ and Y xS"^ 
are diffeomorphic, and the symplectic forms on X x and Y x can be 
distinguished by their Gromov-Witten invariants was found by Ruan [12] 
(see also [521 Example 9.7.1]). More examples along these lines were found 
by Ruan-Tian [13] and lonel-Parker |2U] . 

Conjecture 4.2 (Uniqueness conjecture). Let M be a closed hyperkdhler 
surface (i.e. a four-torus or a K3 surface) and let a G H^{M; M) be a coho- 
mology class such that > 0. Then the space Sa of symplectic forms on M 
representing the class a is connected. 

The uniqueness problem for the four-torus is a longstanding open question 
in symplectic topology, which goes back at least to the early eighties. In [12] 
Donaldson proposed a remarkable geometric approach to the uniqueness 
question for symplectic forms on hyperkahler surfaces which I explain next. 
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The Donaldson geometric flow 

The starting point of Donaldson's approach is to view the space of dif- 
feomorphisms from a symplectic four- manifold {S, a) to a hyperkahler sur- 
face {M,ijji,uj2,uj3, Ji, J2, J3), that pull back the cohomology class a of ui 
to that of a, as an infinite dimensional hyperkahler manifold. The group 
of symplectomorphisms of {S, a) acts on by hyperkahler isometries and 
the action of the subgroup of Hamiltonian symplectomorphisms is generated 
by a hyperkahler moment map. The negative gradient flow of the square 
of the hyperkahler moment map is a parabolic type equation for a path of 
diffeomorphisms ft G depending on a real parameter t. It has the form 

dtft = J^df^ ° ^h(^ ' H(:= ^Q^, i{XH)cJ = dH, (12) 

i ^ 

where dvolcr := ^aAa. Equation f|T2!) is preserved by the symplectomorphism 
group of {S, a). One can elmininate the action of the reparametrization group 
by pushing forward the sympectic form a under the diffeomorphisms ft- 
The resulting path pt := {ff^)*a G Sa satisfies the equation 

dtPt = -J2didKtoJn. ^f^=^' p(J.-,-) = p(-,Jf-). (13) 



p 



This is the Donaldson geometric flow. It is the negative gradient flow of 
the energy functional £^ : iSa — t- M defined by 

^W-^lEll^f^o'.-^/,^;^^™., (14) 

The inner products on the tangent spaces TpSa = {p G fi^(M) | p is exact} 
are associated to the norms 

IIpIIJ := / iXppdvolp, p = -dL{Xp)p, p A (Xp, ■) G imd. (15) 

The gradient flow of the energy functional (fT4|) on Sa with respect to the 
inner products determined by (fTSl) is meaningful for any closed symplectic 
four- manifold (M, cu), equipped with a background Riemannian metric. It is 
convenient to choose the Riemannian metric on M to be compatible with tu. 
Then u is the unique global minimum of S on Sa and the Hessian of S is 
positive definite at u. In [12] Donaldson also observed that the energy S{p) 
controls the L^-norm of p and he proved, in the hyperkahler case, that the 
Hessian at any other critical point (if it exists) cannot be positive definite. 
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The study of equation (fT5l) poses deep and challenging analytical prob- 
lems. Already regularity and short time existence are nontrivial. They are 
the subject of as yet unpublished work by Robin Krom [22], which is based 
on ideas of Donaldson in [13]. The hope is that, in the hyperkahler setting, 
one can establish long time existence and convergence for equation f|T3|l and 
use this to prove that the space Sa of symplectic forms in a fixed cohomology 
class is connected. This hope is backed up by the fact that an analogous 
geometric flow approach in dimension two leads to the parabolic equation 
dtUt = d*du~[^ (see [12]). In this equation the proof of long time existence is 
based on the observation that the time derivative is nonpositive at each local 
maximum of Ut and is nonnegative at each local minimum of Ut- 
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